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Abstract
A real-time thermal field theoretical calculation of shear viscosity has been described in the
Kubo formalism for bosonic and fermionic medium. The two point function of viscous stress
tensor in the lowest order provides one-loop skeleton diagram of boson or fermion field for
bosonic or fermionic matter. According to the traditional diagrammatic technique of transport
coefficients, the finite thermal width of boson or fermion is introduced in their internal lines
during the evaluation of boson-boson or fermion-fermion loop diagram. These thermal widths
of φ boson and ψ fermion are respectively obtained from the imaginary part of self-energy
for φΦ and ψΦ loops, where interactions of higher mass Φ boson with φ and ψ are governed
by the simple φφΦ and ψψΦ interaction Lagrangian densities. A two-loop diagram, having
same power of coupling constant as in the one-loop diagram, is deduced and its contribution
appears much lower than the one-loop values of shear viscosity. Therefore the one-loop results
of Kubo-type shear viscosity may be considered as leading order results for this simple φφΦ and
ψψΦ interactions. This approximation is valid for any values of coupling constant and at the
temperatures greater than the mass of constituent particles of the medium.
1 Introduction
A medium can be perturbed slightly away from its equilibrium state due to quantum fluctuations
at finite temperature. The responses to these fluctuations can be determined from the dissipative
quantities of the medium. The different fluxes originating from their corresponding thermodynam-
ical forces can appear in the medium to restore the system to its equilibrium state. The transport
coefficients like shear and bulk viscosities are proportional constants of the linear relations between
these fluxes and forces.
With the help of Kubo formula, the transport coefficients can be microscopically estimated
from their corresponding retarded thermal correlators in the low frequency limit. For example,
the shear viscosity coefficient can be obtained from the retarded correlator of the viscous stress
tensor. The simplest possible anatomical representation of the correlator is a one-loop kind of
diagram, where a finite thermal width has to be included in the propagator of the constituent
particle. This is a very well established technique [1, 2, 3, 4, 5, 6, 7], which is generally adopted to
get a non-divergent value of the transport coefficient. Beyond the one-loop, there will be infinite
class of planar ladder diagrams, which have the same power of coupling constant as in the one-loop
diagram. The reason is that the additional coupling constants from the interaction vertices of any
higher order diagram are exactly cancelled by the additional thermal widths coming from the each
loop of that diagram. For this purpose, different ways of re-summed technique are proposed for
φ4 theory [8, 9, 10, 11], as well as for hot QCD [12]. In this context, a Kubo-type shear viscosity
calculation for medium with φ boson or ψ fermion has been derived in a generalized manner where
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a simple φφΦ or ψψΦ interaction Lagrangian is considered. The Φ boson is assumed as a higher
mass intermediate particle, which is supposed to be appeared in the elastic φφ or ψψ scattering.
We can take ππσ [13] or QQπ [14] interaction as a practical example of such a case.
At first, the simplest possible diagrammatic representation of shear viscosity as a φφ or ψψ loop
is derived explicitly in the real-time thermal field theory (RTF), which is addressed in Sec. (2). For
getting a non-divergent shear viscosity, a finite thermal width of φ or ψ has to be introduced owing
to the traditional diagrammatic calculation of transport coefficient. In Sec. (3), the thermal width
of φ or ψ is deduced from the imaginary part of its thermal self-energy for φΦ or ψΦ loop. The
possibilities of different infinite number of diagrams for the φφΦ interaction are pointed out in
Sec. (4), where a two-loop diagram is explicitly derived in RTF. During numerical estimations of
one-loop and two-loop contributions in shear viscosity, two-loop is substantially suppressed due
to presence of additional number of thermal distribution functions appearing in the multiplicative
way. These numerical results are discussed in Sec. (5), and Sec. (6) concludes the article.
2 Formalism
From the simple derivation of Kubo formula [15, 16], we are starting our calculation with the
expression of shear viscosity in momentum space [3],
η =
1
20
lim
q0,~q→0
Aη(q0, ~q)
q0
, (1)
where
Aη(q0, ~q) =
∫
d4xeiq·x〈[πij(x), πij(0)]〉β (2)
is spectral function of space component of the viscous-stress tensor, πµν and 〈Oˆ〉β for any operator
Oˆ denotes the equilibrium ensemble average,
〈Oˆ〉β = Tre
−βHOˆ
Z
with Z = Tre−βH . (3)
The πµν comes from the dissipative part of total energy-momentum tensor, T µν . In the relativis-
tic dissipative hydrodynamics [17, 18] the T µν can be decomposed into an ideal part T µν0 and a
dissipative part T µνD .
i .e. T µν = T µν0 + T
µν
D , (4)
where
T µν0 = ǫu
µuν − P∆µν
and T µνD = K
µuν +Kνuµ − πµν , (5)
with ∆µν = gµν − uµuν and ǫ, P, uµ are respectively energy density, pressure density, four velocity
of the matter. By applying appropriate projection operators, the candidates of right hand side of
the Eq. (5) can be extracted from T µν as
ǫ
P
Kρ
πρσ
 =

uµuν
−13∆µν
∆ρµuν
(∆ρσ∆µν − 13∆ρµ∆σν)
Tµν . (6)
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Figure 1: Boson-Boson (a) and Fermion-Fermion (b) loop diagram after Wick contraction from two
point function of corresponding viscus-stress tensor.
For φ boson and ψ fermion the viscous-stress tensor can be deduced as (see Appendix A)
πµν = (∆
ρ
µ∆
σ
ν −
1
3
∆µν∆
ρσ)
{
∂ρφ∂σφ
iψγρ∂σψ
}
. (7)
In RTF, the thermal average of any two point function always give a 2×2 matrix structure. Hence
the two point correlator of viscous-stress tensor will be
Πab(q) = i
∫
d4xeiqx〈Tcπµν(x)πµν(0)〉abβ , (8)
where the superscripts a, b(a, b = 1, 2) represent the (thermal) indices of the matrix and Tc denotes
time ordering with respect to a contour in the complex time plane. Of the variety of possible
contours in the complex time plane [19], two are specially interesting, namely the closed one [20]
and the symmetrical one [21, 22]. Here the latter contour is chosen .
The matrix can be diagonalized in terms of a single analytic function which determines com-
pletely the dynamics of the corresponding two point function. The diagonal element can also be
related with the retarded two point function of viscous-stress tensor. These retarded function,
ΠR(q) (say) or diagonal element, Π(q) (say) is simply related to any one component, say 11 com-
ponent of the matrix. The relation among the imaginary part of these components (for φφ or ψψ
loops) is
ImΠR(q) = ǫ(q0)ImΠ(q) = tanh(
βq0
2
)ImΠ11(q) . (9)
Now the imaginary part of retarded two point function of any field quantity is directly related with
the corresponding spectral function. For our present case, the viscous-stress tensor πµν is the field
quantity. Hence the relation between corresponding spectral function Aη(q) and retarded function
ΠR(q) is given by
Aη(q) = 2ImΠ
R(q) . (10)
Using this relation, the Eq. (1)) become
η =
1
10
lim
q0,~q→0
ImΠR(q0, ~q)
q0
. (11)
To calculate this retarded two point function, let us start from 11 component of the Πab matrix.
After using Eq. (7) in Eq. (8), the Wick contraction of the boson fields (φ) and fermion fields (ψ)
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generate an one-loop kind of skeleton diagram, which are shown in Fig. 1(a) and (b) respectively.
They can be mathematically expressed as [23]
Π11(q) = iǫF
∫
d4k
(2π)4
N(q, k)D11(k)D11(p) , (12)
whereD11(k) andD11(p) are the scalar part of the propagators at finite temperature. Now p = q−k
for boson-boson (φφ) loop whereas p = q+ k for fermion-fermion (ψψ) loop. In fermion loop there
must be an extra negative sign according to Feynman rule, which is maintained by putting ǫF = +,−
for φφ and ψψ loops respectively. The term N(q, k) contain the numerator part of two propagators
as well as the vertex kind of part which is determined from Eq. (7). The expression of N(q, k)
(multiplying with the ǫF ) for φφ and ψψ loop are respectively given by (see Appendix B)
ǫFN(q, k) = −[~k2(~q − ~k)2 + {
~k · (~q − ~k)}2
3
] (13)
and
ǫFN(q, k) = −32
3
{k0(q0 + k0)}{~k · (~q + ~k)}+ 4[{~k · (~q + ~k)}2 +
~k2(~q + ~k)2
3
] . (14)
Just by absorbing the ǫF in N(q, k) we will not write it for our further calculations.
In RTF, the 11 component of the scalar part of the thermal propagator can be expressed as
D11(k) =
−1
k20 − ω2k + iǫ
+ 2πiǫkFk(k0)δ(k
2
0 − ω2k), with Fk(k0) = n+k θ(k0) + n−k θ(−k0)
= − 1
2ωk
(
1− n+k
k0 − ωk + iǫ
+
n+k
k0 − ωk − iǫ
− 1− n
−
k
k0 + ωk − iǫ
− n
−
k
k0 + ωk + iǫ
) . (15)
Here n±k (ωk) =
1
eβ(ωk∓µ)−ǫk
(ǫk = +1,−1 for φ and ψ respectively) is the thermal distribution of
φ with energy ωk = (~k
2 +m2φ)
1/2 or ψ with energy ωk = (~k
2 + m2ψ)
1/2, where the ± sign in the
superscript of nk refer to particle and anti-particle respectively.
After doing the k0 integration of Eq. (12) and then using the relations (9), we get the imaginary
part of retarded self-energy [24]
ImΠR(q) =
∫
d3k
(2π)3
(−π)N
4ωkωp
[C1δ(q0 − ωk − ωp) + C2δ(q0 − ωk + ωp)
+C3δ(q0 + ωk − ωp) +C4δ(q0 + ωk + ωp)] , (16)
where ωp =
√
(~q ∓ ~k)2 +m2 (∓ for φφ and ψψ loop respectively) and N = N(k0 = ±ωk, ~k, q) . Here
Ci(i = 1, .., 4) are four different statistical probability attached with four different delta functions.
For φφ loop, Ci(i = 1, .., 4) = {1 + n+k (ωk) + n+p (q0 − ωk)}, {−n+k (ωk) + n−p (−q0+ ωk)}, {n−k (ωk)−
n+p (q0+ωk)}, {−1−n−k (ωk)−n−p (−q0−ωk)} whereas Ci(i = 1, .., 4) = {−1+n−k (ωk)+n+p (q0+ωk)},
{−n−k (ωk) + n−p (−q0 + ωk)}, {n+k (ωk) − n+p (q0 + ωk)}, {1 − n+k (ωk)− n−p (−q0 − ωk)} for ψψ loop.
Four different branch cuts in the real axis of complex q0 plane can be identified from four different
terms of ImΠR(q) with different delta functions. In addition to the unitary cut, present already
in vacuum, the thermal field theory calculation generates a new cut, the so called the Landau cut.
The region of these different branch cuts are (−∞ to −
√
~q2 + 4m2φ,ψ) for unitary cut in negative
q0-axis, (−~q to ~q) for Landau cut and (
√
~q2 + 4m2φ,ψ to ∞) for unitary cut in positive q0-axis. Now
to calculate η from the ΠR(q), we have to concentrate on the limit of q0, ~q → 0. Therefore the
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Landau cuts will be only the focus of our calculation. Hence using the Landau part of Eq. (16) in
Eq. (11), we have
η =
1
10
lim
q0,~q→0
1
q0
∫
d3k
(2π)3
(−π)N
4ωkωp
{C2δ(q0 − ωk + ωp) + C3δ(q0 + ωk − ωp)}
=
1
10
lim
q0,~q→0
Im
[∫
d3k
(2π)3
N
4ωkωp
lim
Γ→0{
C2/q0
(q0 − ωk + ωp) + iΓ +
C3/q0
(q0 + ωk − ωp) + iΓ
}]
. (17)
To get a non-divergent contribution of η, the further calculation will be continued for finite value
of Γ. This is the place where the interaction scenario is introduced, which is very essential for a
dissipative system. This is done by transforming the delta functions for free theory to the spectral
functions with finite thermal width for interacting theory. The Γ is identified as the thermal
width (or collision rate) of the constituent particles and it reciprocally measures the dissipative
coefficients like the shear viscosity. In this respect this formalism may be equivalent to quasi
particle approximation and this trained is widely used for calculating the dissipative coefficients in
Kubo approach [3, 6]. Using the limiting values,
lim
~q→0
ωp = ωk (18)
in Eq. (17), we have
η =
1
10
∫
d3k
(2π)3
(−N0)
4ω2kΓ
[I2 + I3] , (19)
where
N0 = lim
q0,~q→0
N(k0 = ±ωk, ~k, q) (20)
and
I2,3 = lim
q0→0
C2,3(q0)
q0
, (21)
with
C2,3(q0) = ∓n±k (ωk)± n∓p (∓q0 + ωk) . (22)
Here in Eq. (21), we see that the limiting value of I2,3 is appeared to be a 0/0 form and so we can
apply the L’Hospital’s rule i.e.
I2,3 = lim
q0→0
d
dq0
{C2,3(q0)}
d
dq0
{q0}
= βn∓k (1 + ǫkn
∓
k ) , (23)
since
d
dq0
{±n∓p (ωq = ∓q0 + ωk)} = ±
−β dωqdq0 eβ(ωq±µ)
{eβ(ωq±µ) − ǫk}2
lim
q0→0
d
dq0
{±n∓p (ωq = ∓q0 + ωk)} = ±
−β(∓)eβ(ωk±µ)
{eβ(ωk±µ) − ǫk}2
= β[n±k (1 + ǫkn
±
k )] . (24)
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Depending on the sign of ǫk, the statistical probability become Bose enhanced (ǫk = +1 for φ)
or Pauli blocked (ǫk = −1 for ψ) probability. Hence using Eq. (23) in Eq. (19), we can get a
generalized expression of shear viscosity coefficient for φ boson or ψ fermion,
η =
β
10
∫
d3k
(2π)3
(−N0)
4ω2kΓ
[n−k (1 + ǫkn
−
k ) + n
+
k (1 + ǫkn
+
k )]
=
β
80π2
∫ ~k2d~k
ω2k
(−N0)
Γ
[n−k (1 + ǫkn
−
k ) + n
+
k (1 + ǫkn
+
k )] . (25)
From the final expression we can understand the importance of finite value of Γ to get a non-
divergent value of η. A finite small value of Γ can be introduced through Dyson’s series expansion
of a propagator and we can repeat our calculation from Eq. (15) by using iΓ in place of iη. The
corresponding Γ for φ and ψ can be quantitatively defined as
Γφ = −ImΠR(φ)(k0 = ωk, ~k)/mφ (for φ) , (26)
Γψ = −ImΣR(ψ)(k0 = ωk, ~k) (for ψ) , (27)
where ImΠR(φ)(k) and ImΣ
R
(ψ)(k) are the imaginary part of retarded self-energy for φ and ψ respec-
tively, which will be even functions of k0.
Let us now concentrate on the Eq. (20) to deduce N0. In this limiting case (q0, ~q → 0), the
Eq. (13) and (14) can be simplified as
N0 = −4
~k4
3
for φφ loop (28)
and
N0 = −16
~k4
3
for ψψ loop . (29)
Hence the shear viscosity of the medium with bosons (φ) and fermions (ψ) are respectively given
below
ηφ =
β
30π2
∫ ∞
0
d~k~k6
ω2kΓφ
{n+k (1 + n+k ) + n−k (1 + n−k )}
2
for φφ loop
=
β
30π2
∫ ∞
0
d~k~k6
ω2kΓφ
nk(1 + nk) (at µ = 0) (30)
and
ηψ =
β
15π2
∫ ∞
0
d~k~k6
ω2kΓψ
{n+k (1− n+k ) + n−k (1− n−k )} for ψψ loop . (31)
Some special cases : Now taking isospin degeneracy factor Iπ = 3 for pionic medium we can
generate the expression of [3, 6, 22, 23],
ηπ =
β
10π2
∫ ∞
0
d~k~k6
ω2kΓπ
nk(1 + nk) , (32)
where nk = n
±
k for µπ = 0 has to be considered. This one-loop expression of shear viscosity
from Kubo approach [3, 6, 23] is exactly coincide with the expressions from the relaxation-time
approximation of the kinetic theory approach [25, 26, 27, 23].
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Figure 2: Self-energy of φ boson for φΦ loop (a) and self-energy of ψ fermion for ψΦ loop (b).
When the constituent particles are nucleon, then we have to take isospin degeneracy IN = 2 in
Eq. (31) i.e.
ηN =
2β
15π2
∫ ∞
0
d~k~k6
ω2kΓN
{n+k (1− n+k ) + n−k (1− n−k )} . (33)
Similarly for 2-flavor (Nf = 2) quark matter the degeneracy factor become NfNc = 6 (as color
degeneracy Nc = 3) and so
ηQ =
2β
5π2
∫ ∞
0
d~k~k6
ω2kΓQ
{n+k (1− n+k ) + n−k (1− n−k )} . (34)
This expression is also exactly coincide with the expressions from the relaxation-time approxima-
tion [28].
3 Calculation of Γ
Let us take a simple φ3-type interaction Lagrangian density,
L = −gφφΦ , (35)
by which we can get an estimation of Γφ for boson constituent particle, φ. The Φ is another higher
mass boson like φ. The self-energy of φ for φΦ loop (as shown in Fig. 2(a)) can be derived in
RTF with the help of the above Lagrangian. Owing to the cutkosky rule at finite T , the Γφ can
be extracted from the imaginary part of this one-loop self-energy of φ at its pole, which is already
expressed in Eq. (26).
For estimating Γφ, we have to repeat a similar calculations as previously done in one-loop
calculation for η. Therefore Let us start from 11 component of self-energy of φ for φΦ loop,
Π11(φ)(k) = −i
∫
d4l
(2π)4
L(k, l)D11(l,mφ)D11(u = k − l,mΦ) , (36)
where D11(l,mφ) and D11(u = k − l,mΦ) are the scalar part of φ and Φ propagators at finite
temperature with similar form like Eq. (15).
Similar to Eq. (16), we will get the imaginary part of retarded self-energy for the φΦ loop,
ImΠR(φ)(k) = π
∫
d3l
(2π)3
1
4ωlωu
[L(l0 = ωl,~l, k)[{1 + nl(ωl) + nu(k0 − ωl)}δ(k0 − ωl − ωu)
+ {−nl(ωl) + nu(−k0 + ωl)}δ(k0 − ωl + ωu)]
+L(l0 = −ωl,~l, k)[{nl(ωl)− nu(k0 + ωl)}δ(k0 + ωl − ωu)
+ {−1− nl(ωl)− nu(−k0 − ωl)}δ(k0 + ωl + ωu)] , (37)
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where ωu =
√
(~k −~l)2 +m2Φ and n′s are Bose-Einstein distribution functions. The region of the
different branch cuts in k0-axis are (−∞ to −
√
~k2 + (mΦ +mφ)2) for unitary cut in negative k0-
axis, (−
√
~k2 + (mΦ −mφ)2 to
√
~k2 + (mΦ −mφ)2) for Landau cut and (
√
~k2 + (mΦ +mφ)2 to ∞)
for unitary cut in positive k0-axis. These are the different off-shell regions of φ boson, where
imaginary part of its self-energy acquires a non-zero values because of the different δ functions in
Eq. (37). One can notice that the φ pole will remain within the Landau cuts only when mΦ > 2mφ.
Hence we take an ad hoc assumption mΦ = 3mφ to satisfy the threshold condition.
According to Eq. (26), the Γφ will be coming from Landau cut contribution associated with the
third term of Eq. (37), which can be simplified as
Γφ =
1
16π~kmφ
∫ ω˜−
ω˜+
dω˜L(l0 = −ω˜,~l =
√
ω˜2 −m2φ, k0 = ωk, ~k){nl(ω˜)− nu(ωk + ω˜)} , (38)
where ω˜± = R
2
2m2
φ
(−ωk ± ~kW ) with ωk =
√
~k2 +m2φ, W =
√
1− 4m
4
φ
R4 and R
2 = 2m2φ −m2Φ.
Now to estimate Γψ of ψ fermion, let us take a similar kind of interaction Lagrangian density,
L = −GψψΦ , (39)
where the mass of the Φ boson is again assumed to be three times larger than the mass of the ψ
fermion i.e. mΦ = 3mψ. The self-energy of ψ, Σ(ψ)(k) for ψΦ loop is shown in Fig. 2(b). According
to Eq. (27), we get
Γψ =
1
16π~k
∫ ω˜−
ω˜+
dω˜L(l0 = −ω˜,~l =
√
ω˜2 −m2ψ, k0 = ωk, ~k){n−l (ω˜) + nu(ωk + ω˜)} , (40)
which is very similar to Eq. (38). The modified parameters are ω˜± = R
2
2m2
ψ
(−ωk ± ~kW ) with
ωk =
√
~k2 +m2ψ, W =
√
1− 4m
4
ψ
R4
and R2 = 2m2ψ − m2Φ. Here n−l is Fermi-Dirac distribution
function of anti-fermion and nu is Bose-Einstein distribution function of Φ boson.
The vertex part L(k, l) for these loops are respectively given below
L(k, l) = −g2 (for φΦ loop) , (41)
L(k, l) = −G2mψ (for ψΦ loop) . (42)
4 Higher order loop diagrams
As Γφ ∝ g2 (or Γψ ∝ G2), hence our one-loop contribution of two point viscous stress tensor will
be O(1/g2) (since η ∝ O(1/Γφ)). Now there are some higher order loop diagrams which are also
O(1/g2). First possible digram is shown in the Fig. 3(a) which contain two loops and two φφΦ
vertex vφφΦ ∝ g. Therefore its order will be O( 1Γ2 v2φφΦ) = O(1/g2) (as 1/Γ will be coming from
each loop). Similarly we can get same order from the diagram, shown in the Fig. 3(b), which
contain (n + 1) number of loops and 2n number of vφφΦ. Even for n = ∞ we get same order of
contribution. Let us first derive the two-loop digram (Fig. 3(a)) to get a numerical estimation,
which can be compared with the contributions of one-loop diagram. Instead of 11 component we
will deduce the 12 component for some certain advantage to simplify our calculation. As any one
8
Figure 3: two loops (a) and (n+1) loops (b) ladder type diagrams for φφΦ interaction.
Figure 4: The four possible combinations for two loop diagrams in RTF. The ΠAB12 is the combina-
tions of diagrams (a) and (b) whereas diagrams (c) and (d) are combined in ΠCD12 .
Figure 5: two loops (a) and (n+1) loops (b) rung type diagrams for φφΦ interaction.
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of the four component in RTF can be expressed in terms of the diagonal element Π due to their
relation (
Π11 Π12
Π21 Π22
)
=
( √
1 + n −√n
−√n √1 + n
)(
Π 0
0 −Π∗
)( √
1 + n −√n
−√n √1 + n
)
. (43)
Therefore we can express the shear viscosity in terms of 12 component of two-loop skeleton digram
as
η(2) =
1
10
lim
q0,~q→0
ǫ(q0)ImΠ
(2)
(q0, ~q)
q0
=
1
10
lim
q0,~q→0
sinh(βq0/2)
q0
ImΠ
(2)
12 (q0, ~q) . (44)
Applying L’Hospital’s rule, we have
lim
q0→0
sinh(βq0/2)
q0
= lim
q0→0
d
dq0
{sinh(βq0/2)}
d
dq0
{q0}
=
β
2
(45)
and so
η(2) =
β
20
lim
q0,~q→0
ImΠ
(2)
12 (q0, ~q) . (46)
Denoting the intermediate vertices vφφΦ in four possible way as shown in Fig. (4), we get the 12
component as a summation of four possible diagrams. By attaching different momentum labels on
the internal lines, the four terms can be merged into two as given below [29]
iΠ
(2)
12 (q) = iΠ
AB
12 (q) + iΠ
CD
12 (q) , (47)
where
iΠAB12 (q) = −i
∫
d4kd4l
(2π)8
N (2)(q, k, l)Dφ12(l)D
φ
21(r = q − l)DAB , (48)
iΠCD12 (q) = i
∫
d4kd4l
(2π)8
N (2)(q, k, l)Dφ12(l)D
φ
21(p = q − k)DΦ12(u = k − l)DCD , (49)
with
DAB = {Dφ11(k)Dφ11(p = q − k)DΦ11(u = k − l) +Dφ22(k)Dφ22(p = q − k)DΦ22(u = k − l)}
= 2iIm{Dφ11(k)Dφ11(p = q − k)DΦ11(u = k − l)} , (50)
DCD = {Dφ11(k)Dφ22(r = q − l) +Dφ22(k)Dφ11(r = q − l)}
= 2Re{Dφ11(k)Dφ22(r = q − l)} . (51)
The above simplifications have been done by using the identity D11 = −D∗22. The N (2) in the limit
of q0, ~q → 0 can be expressed as
N (2) = −4
3
g2~k2~l2 , (52)
where the angle between ~k and ~l is fixed to zero for simplifying the calculations because our main
purpose in this section is just to estimate the order of magnitude for the two-loop contribution in
shear viscosity.
Now using the 12 component of scalar propagator,
Dl12 = D
l
21 = 2πiFlδ(l
2
0 − ω2l ), Fl =
√
nl(1 + nl) (53)
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in Eq. (48), we have
ΠAB12 (q) =
−4i
3
∫
d4l
(2π)4
(~l2)[2πFlδ(l
2
0 − ω2l )][2πFrδ((q0 − l0)2 − ω2r )]{IAB} , (54)
where
IAB = 2ImG, G =
∫
d4k(~k2g2)
(2π)4
{Dφ11(k)Dφ11(p = q − k)DΦ11(u = k − l)} . (55)
After performing the l0 integration, the Landau cut contribution
1 of ΠAB12 (q) is given by
ΠAB12 (q) =
−4
3
i
∫
d3l
(2π)3
π~l2FlFr
2ωlωr
[IAB(l0 = ωl)δ(q0 − ωl + ωr) + IAB(l0 = −ωl)δ(q0 + ωl − ωr)]
=
−4
3
i
∫
d3l
(2π)3
~l2FlFr
2ωlωr
lim
Γφ→0
[
Γφ
(q0 − ωl + ωr)2 + Γ2φ
{IAB(l0 = ωl)}
+
Γφ
(q0 + ωl − ωr)2 + Γ2φ
{IAB(l0 = ωl)}
]
. (56)
Again starting with free theory (Γφ → 0), we will make our calculations convert to interacting
theory just by keeping Γφ as a non-zero value. In the limit of q0, ~q → 0, ωr → ωl and nr → nl. So
lim
q0,~q→0
ΠAB12 (q) =
−4i
3
∫
d3l
(2π)3
~l2F 2l
2ω2l Γφ
lim
q0,~q→0
{IAB(l0 = ωl) + IAB(l0 = −ωl)} . (57)
Now we concentrate on IAB = 2ImG, where G can be evaluated as
G = −
∫
d3k
(2π)3
~k2g2
4ωkωp
{nk(1 + np) + np(1 + nk)}
[
Γφ
(q0 − ωk + ωp)2 + Γ2φ
DΦ11(u0 = ωk − l0)
+
Γφ
(q0 + ωk − ωp)2 + Γ2φ
DΦ11(u0 = −ωk − l0)
]
. (58)
Here also we have taken the Landau cut contribution for finite Γφ after performing the k0 integra-
tion. One can find that the calculation of G is very similar to the calculation of 11 component of
self-energy for finite Γφ if we approximately assume ~k
2DΦ11 as a vertex part. In the limiting case,
lim
q0,~q→0
G = −
∫
d3k
(2π)3
~k2g2nk(1 + nk)
2ω2kΓφ
[DΦ11(u0 = ωk − l0) +DΦ11(u0 = −ωk − l0)] . (59)
As
ImDΦ11(u) =
πnu(ωu)
ωu
{δ(u0 − ωu) + δ(u0 + ωu)} , (60)
therefore
lim
q0,~q→0
IAB(l0) = −2
∫
d3k
(2π)3
~k2g2nk(1 + nk)
2ω2kΓφ
πnu
ωu
{δ(l0 − ωk − ωu)
+δ(l0 − ωk + ωu) + δ(l0 + ωk − ωu) + δ(l0 + ωk + ωu)} . (61)
Here four delta functions provide four different regions in l0-axis to I
AB(l0), where the function
will remain non-zero. These regions are exactly similar to the non-zero regions of imaginary part
1As our main focus on q0, ~q → 0 for shear viscosity calculations, so we have again considered only Landau cuts
and excluded the unitary cut contributions.
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of any one-loop self-energy function (see Eq. (37)). For l0 = ±ωl, third and second delta functions
respectively contribute with same magnitude. Hence
lim
q0,~q→0
IAB(l0 = ωl) = lim
q0,~q→0
IAB(l0 = −ωl)
=
−g2
4π~l
∫ ω˜−
ω˜+
dω˜
(ω˜2 −m2π)nk(ω˜){1 + nk(ω˜)}nu(ωl + ω˜)
ω˜Γφ
, (62)
where ω˜± = R
2
2m2
φ
(−ωl ± ~lW ) with W =
√
1− 4m
4
φ
R4 and R
2 = 2m2φ −m2Φ. Using (62) in (57) and
taking the imaginary part, we have
lim
q0,~q→0
ImΠAB12 (q) =
4
3
∫
d3l
(2π)3
~l4nl(1 + nl)
2ω2l Γφ
2FAB(~l, T ) (63)
where
FAB(~l, T ) =
−1
~l2
lim
q0,~q→0
IAB(l0 = ωl,~l, T )
=
g2
4π~l3
∫ ω˜−
ω˜+
dω˜
(ω˜2 −m2π)nk(ω˜){1 + nk(ω˜)}nu(ωl + ω˜)
ω˜Γφ
. (64)
Next to calculate ΠCD, we will first find
DCD = 2Re{Dπ11(k)Dπ22(r = q − l)}
= 2
[
−1
k20 − ω2k + iǫ
1
(q0 − l0)2 − ω2r + iǫ
+{2iπnkδ(k20 − ω2k)}{2iπnrδ((q0 − l0)2 − ω2r )}
]
, (65)
in which 2nd part can be approximately ignored due to containing exponentially suppressing term
nknr. Using its first part in Eq. (49), we have
ΠCD12 (q) = 2
∫
d4k
(2π)4
(−4~k2)
3
[
−1
k20 − ω2k + iǫ
2iπFpδ((q0 − k0)2 − ω2p)
]
ICD , (66)
where
ICD =
∫
d4l
(2π)4
(g2~l2)
[
Dσ12(k − l)
(q0 − l0)2 − ω2r + iǫ
2iπFlδ(l
2
0 − ω2l )
]
. (67)
After doing k0 integration of Eq. (66) and taking the Landau cut contribution with finite Γφ (in
place of ǫ in (66)) we will get
lim
q0,~q→0
ΠCD12 (q) =
4
3
∫
d3k
(2π)3
~k2Fk
2ω2kΓφ
lim
q0,~q→0
{ICD(k0 = ωk) + ICD(k0 = −ωk)} , (68)
which is very similar to Eq. (57). Going through the similar process for Eq. (67), we have
lim
q0,~q→0
ICD(k0) =
∫
d3l
(2π)3
g2~l2Fl
2ω2l Γφ
{DΦ12(u0 = k0 − ωl) +DΦ12(u0 = k0 + ωl)} , (69)
which can be compared with (59). Now the imaginary part of Eq. (68) is
lim
q0,~q→0
ImΠCD12 (q) =
4
3
∫
d3k
(2π)3
~k2Fk
2ω2kΓφ
lim
q0,~q→0
{ImICD(k0 = ωk) + ImICD(k0 = −ωk)} , (70)
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where
ImICD(k0 = ωk, ~k) = ImI
CD(k0 = −ωk, ~k)
=
g2
16π~k
∫ ω˜−
ω˜+
dω˜
(ω˜2 −m2φ)Fl(ω˜)Fu(ωk + ω˜)
ω˜Γφ
. (71)
One can notice that the Eq. (71) is very analogous to (62). Using (71) in (70), we have
lim
q0,~q→0
ImΠCD12 (q) =
4
3
∫
d3k
(2π)3
~k4nk(1 + nk)
2ω2kΓφ
2FCD(~k, T ) , (72)
where
FCD(~k, T ) =
1
Fk~k2
lim
q0,~q→0
ICD(k0 = ωk, ~k, T )
=
g2
16πFk~k3
∫ ω˜−
ω˜+
dω˜
(ω˜2 −m2π)Fl(ω˜)Fu(ωk + ω˜)
ω˜Γφ
. (73)
Using (63) and (72) in (46) we get the final expression of shear viscosity for two loop diagram as
η(2) =
β
30π2
∫
d~kF (~k, T )~k6
Γφω
2
k
nk(1 + nk) , (74)
where
F (~k, T ) = FAB(~k, T ) + FCD(~k, T ) (75)
is the main factor which makes the η(2) be different from the η(1) (let us denote η of Eq. (30) by η(1)
to mark as one-loop contribution) since Eq. (74) become identical with Eq. (30) for F (~k, T ) = 1.
Another pattern of two loop diagram and its nth extension are shown in Fig. 5(a) and (b)
respectively. Though these are seems to be contributed with O(1/Γφ) but actually they can be
analytically obtained as zero. The two loop diagram in the static limit can be expressed as
lim
q0,~q→0
Π
(2)
11 = − lim
q0,~q→0
[∫
d4k
(2π)4
N(q, k)Dφ11(k)D
φ
11(p = q − k)
]
DΦ11(q)[∫
d4l
(2π)4
N(q, l)Dφ11(l)D
φ
11(p = q − l)
]
= −
[
i
∫
d3k
(2π)3
−N(~k)nk(1 + nk)
Γφω
2
k
] [
lim
q0,~q→0
{ReDΦ11 + iImDΦ11}
]
[
i
∫
d3l
(2π)3
−N(~l)nl(1 + nl)
Γφω
2
l
]
. (76)
Its imaginary part is directly proportional to
lim
q0,~q→0
ImDΦ11 = lim
q0,~q→0
2πnΦq δ(q
2 −m2Φ) , (77)
which is exactly equal to zero. Therefore η(2), which is related with imaginary part of Π
(2)
11 , is also
become zero.
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Figure 6: Left : Imaginary part of self-energy of φ boson (upper panel) and ψ fermion (lower panel)
for different values of three-momentum ~k and temperature T . The dotted line is indicating the pole
positions of φ boson or ψ fermion (mφ = mψ = 0.100 GeV). Right : the T dependence of thermal
widths (Γφ and Γψ) for φ (upper panel) and ψ (lower panel).
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5 Numerical discussion
Let us first concentrate on the numerical results of thermal width and then on the results of shear
viscosity coefficient. In Sec.(3), we have noticed that thermal width of φ boson and ψ fermion are
coming from the Landau cut contributions of their corresponding one-loop self-energies which are
shown in the left panel of Fig. (6). Here the imaginary part of the φ (upper panel) and ψ (lower
panel) self-energies are exhibiting their non-zero contributions within the Landau cut regions (from
0 to (mΦ − mφ,ψ) i.e. from 0 to 0.2 GeV) in their invariant mass axes, M . We have taken
mφ = mψ = 0.1 GeV for making a comparative analysis. Thermal widths Γφ and Γψ for φ and
ψ, respectively, are basically the contributions at their corresponding pole positions (M = mφ and
mψ), which are marked by dotted line in the left panel of Fig. (6). The Γφ and Γψ increase with
increasing temperature (T ) and decreasing three-momentum (~k). These are shown in the right
panel of Fig. (6) and left panel of Fig. (7) respectively. We have presented the normalized values,
m2φΓφ/g
2 and Γψ/G
2 to make our descriptions more general for any arbitrary value of coupling
constant, g or G. Now, using these thermal widths Γφ(~k, T ) and Γψ(~k, T ) in Eqs. (30) and (31),
we get the shear viscosity coefficients ηφ and ηψ respectively. Their corresponding temperature
dependence are shown in upper and lower panels of Fig. (7) on the right side. Here we have
again normalized our results for unit coupling constants and so g2ηφ/m
2
φ vs T (upper panel) and
G2ηψ vs T (lower panel) have been represented in this graph. In Sec.(4), we have pointed out the
possibility of infinite number of ladder-type diagrams (shown in Fig. 3) which are supposed to be
of same order of magnitude (O(1/g2)) like the one-loop (shown in Fig. 1) contributions. This is
very well known complexity for the calculation of transport coefficient via Kubo approach. A two
loop calculation for boson self-energy is derived to check its numerical strength with respect to the
one-loop contribution. In the expression for the two-loop, a quantity F (~k, T ) in the Eq. (74) is
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recognized as the main factor to differentiate between the two-loop and the one-loop expression.
The contributions of FAB(~k, T ), FCD(~k, T ) and their total F (~k, T ) from Eq. (75) are shown in
the lower panel of the left and right side of Fig. (8). The FCD(~k, T ) is numerically so stronger
than FAB(~k, T ) that one can confidently assume F (~k, T ) ≃ FCD(~k, T ). The T and ~k dependence
of F (~k, T ) are shown in the upper panel of left and right side of Fig. (8) for two different values
of fixed ~k and T respectively. Using the F (~k, T ) in Eq. (74) we have obtained the normalized
values of η(2) (i.e. η(2)g2/m2φ) which are displayed by dashed line in the lower panel of Fig. (9).
The ratio η(2)/η(1) vs T is presented in the upper panel of Fig. (9). The figure shows that η(2) is
substantially suppressed from the one-loop contribution η(1). During extension from one-loop to
two-loop calculation, the additional thermal distribution functions are introduced in multiplicative
way. This may be the main reason of the suppression of η(2) from η(1). This two loop result is
indicating that as the number of loops will be increased, its numerical strength will be successively
suppressed. So the one-loop contribution of the shear viscosity for this simple φφΦ interaction may
be considered as a leading contribution. This approximation is valid especially for the temperature
greater than the mass of constituent particles of the medium (i.e. T > mφ). In some sense this
estimation is very general as it is independent of coupling constant g.
6 Summary and conclusion
Taking a special and simple φφΦ or ψψΦ interaction Lagrangian, a diagrammatic analysis of Kubo-
type shear viscosity has been presented in this manuscript. At first the simplest possible skeleton,
one-loop diagram for φ boson (or ψ boson) is evaluated in real-time thermal field theory, where the
effective propagators with finite thermal width are used in the φφ or ψψ loop. The thermal width
of φ is extracted from the imaginary part of its thermal self-energy for φΦ or ψΦ loop. After the
one-loop analysis, the higher order loop diagrams with same power of coupling constant as in the
one-loop are inspected. Instead of re-summing them, the next possible skeleton, two-loop diagram is
explicitly deduced in RTF. Extending the calculations from one-loop to two-loop, the extra thermal
distribution function comes automatically into the picture, for which the numerical strength of
two-loop is suppressed from one-loop contribution. It is naturally expected that as we increase the
number of loops, the suppression will successively grow. On this basis, the one-loop results may
be considered as a leading order results for this simple φφΦ interaction. As a practical example, if
someone is interested to calculate the shear viscosity of hot pionic medium [13] by using the ππσ as
well as ππρ interaction (effective) Lagrangian, then one-loop estimation is sufficient for numerical
purpose. Again, we know that this Kubo-type one-loop expression of shear viscosity in terms
of thermal width coincides exactly with the expression from the relaxation time approximation
of kinetic theory. Hence, one can get similar results for the φφΦ or ψψΦ interaction following
relaxation time approximation also.
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A Calculation of piµν :
Using the free Lagrangian densities
L = 1
2
∂µφ∂
µφ− 1
2
m2φφ
2 (78)
and
L = ψ(iγµ∂µ −mψ)ψ (79)
for φ boson and ψ fermion, their energy momentum tensors can respectively be obtained as
Tρσ = −gρσL+ ∂L
∂(∂ρφ)
∂σφ+
∂L
∂(∂σφ)
∂ρφ
= −gρσL+ ∂σφ∂ρφ (80)
and
Tρσ = −gρσL+ ∂L
∂(∂ρψ)
∂σψ
= −gρσL+ iψγρ∂σψ . (81)
Now, the viscous stress tensor is defined as
πµν = t
ρσ
µνTρσ , (82)
where
tρσµν = ∆
ρ
µ∆
σ
ν −
1
3
∆µν∆
ρσ . (83)
Using the relation tρσµνgρσL = 0, the πµν for φ and ψ can respectively be written as
πµν = (∆
ρ
µ∆
σ
ν −
1
3
∆µν∆
ρσ)
{
∂ρφ∂σφ
iψγρ∂σψ
}
. (84)
B Calculation of N(q, k) :
Let us write the 11-component of two point function of viscous stress tensor in terms of field
operators. For φ field it is given by
Π11(q) = i
∫
d4xeiqx〈Tπαβ(x)παβ(0)〉β
= tρσαβt
αβ
µν i
∫
d4xeiqx〈T∂ρφ(x)∂σφ(x)∂µφ(0)∂νφ(0)〉β . (85)
With the help of the Wick’s contraction technique, we have
Π11(q) = t
ρσ
αβt
αβ
µν i
∫
d4xeiqx[〈T∂σφ (x)∂ρφ
︷ ︸︸ ︷
(x)∂µφ(0)∂νφ︸ ︷︷ ︸(0)〉β
+〈T∂ρφ (x)∂σφ
︷ ︸︸ ︷
(x)∂µφ(0)∂νφ︸ ︷︷ ︸(0)〉β ]
= tρσαβt
αβ
µν i
∫
d4k
(2π)4
[Nµνρσ (q, k) +N
νµ
ρσ (q, k)]D11(k)D11(p = q − k)
= i
∫
d4k
(2π)4
N(q, k)D11(k)D11(p = q − k) , (86)
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where
N(q, k) = tρσαβt
αβ
µν [N
µν
ρσ (q, k) +N
νµ
ρσ (q, k)]
= tρσµν [N
µν
ρσ (q, k) +N
νµ
ρσ (q, k)] . (87)
From the one-loop self-energy graph of Fig. (1), the Nµνρσ can be obtained as
Nµνρσ = −kρ(q − k)σkµ(q − k)ν (88)
and so in the comoving frame (i.e. u = 1,~0), we get
N(q, k) = −[~k2(~q − ~k)2 + {
~k · (~q − ~k)}2
3
] . (89)
Similarly for ψ field,
Π11(q) = t
ρσ
αβt
αβ
µν i
∫
d4xeiqx〈Tψ (x)γρ∂σψ
︷ ︸︸ ︷
(x)ψ(0)γµ∂νψ︸ ︷︷ ︸(0)〉β
= −i
∫
d4k
(2π)4
N(q, k)D11(k)D11(p = q + k) , (90)
where
N(q, k) = tρσµνN
µν
ρσ (q, k)
= tρσµνTr[γ
µ(q + k)ν(q/+ k/+mp)γρkσ(k/ +mk)] . (91)
In the comoving frame the N(q, k) become
N(q, k) =
32
3
{k0(q0 + k0)}{~k · (~q + ~k)} − 4[{~k · (~q + ~k)}2 +
~k2(~q + ~k)2
3
] . (92)
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